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Abstract
We study the Borsuk-Ulam theorem for triple (M, τ,Rn), whereM is a compact,
connected, 3-manifold equipped with a fixed-point-free involution τ . We investigate
the largest value of n for which the Borsuk-Ulam theorem holds. This number is
called the Z2-index and in our case it takes value 1, 2 or 3. The main ingredients are
the Bockstein homomorphism and the triple cup product applied to the characteris-
tic class x ∈ H1(N,Z2), where N = M/τ is the orbit space. Explicit computations
are done, recovering the classical result for the 3-sphere S3, the Stolz’s theorem
for the projective space, and fully discussing cases where the orbit space is a lens
space or surgery on an algebraically split link. Finally we apply our results to a non
orientable example.
2010 MSC : 57M27, 57M60.
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Introduction
Let (X, τ) be a free Z2-space, which means that X is a topological space and τ : X → X
is a fixed-point-free involutive homeomorphism. The Borsuk-Ulam theorem holds for a
triple (X, τ, Y ), where Y is a topological space, if and only if for every continuous map
f : X → Y there exists x ∈ X such that f(x) = f(τ(x)). In this case, we say that the
triple (X, τ, Y ) has the Borsuk-Ulam property or (X, τ, Y ) is a Borsuk-Ulam triple. The
original version of this theorem was conjectured by St.Ulam and proved by K. Borsuk
[1] in 1933 for the triple (Sn, τ,Rn), where τ : Sn → Sn is the antipodal map. This
result has several generalizations and interesting applications see e.g. [10] .
Keeping X = Sn, Corner and Floyd [3] proved the theorem for Y a finite dimen-
sional differential manifold M , Munkholm in [11] proved that we can omit the condition
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of differentiability and assume that Y is a compact topological m-manifold. On the
other hand, Munkholm in [12] and Minoru Nakaoka in [13] have respectively replaced
the sphere Sn with closed topological (mod 2) n-homological spheres and (mod p) n-
homological spheres, they assumed that Y is a compact topological manifold and proved
the Borsuk-Ulam theorem in these cases . The study of the Borsuk-Ulam theorem for
triples (X, τ,Rn), where X is a low dimensional manifold is an interesting problem.
Daciberg Lima Gonc¸alves [5] fully discussed the case (S, τ,R2), where S is a closed
surface.
In [6], Daciberg Lima Gonc¸alves, Claude Hayat and Peter Zvengrowski have treated
the case where X is a m-dimensional CW complex. They investigated the largest n such
that the Borsuk-Ulam theorem holds for the triple (X, τ,Rn). This number is called the
Z2-index and denoted by indZ2(X, τ).
Our goal in this paper is to discuss the Borsuk-Ulam property for triple (M, τ,Rn)
in the case where M is a compact connected 3-dimensional manifold. Before stating
the main results, let us introduce some notation. We denote by N = M/τ the orbit
space. Let x ∈ H1(N,Z2) be the classifying class of the principal Z2-bundle M ։ N
i.e x = γ∗(α), where γ : N → RP∞ classifies the bundle and α is the generator of
H1(RP∞,Z2). The class x is not trivial since M is connected.
Let β : H1( . ,Z2) −→ H
2( . ,Z), β2 : H
1( . ,Z2) −→ H
2( .,Z2) be the Bockstein
homomorphisms associated respectively to the short exact sequences 0 −→ Z
×2
−→ Z −→
Z2 −→ 0, 0 −→ Z2
×2
−→ Z4 −→ Z2 −→ 0. From [6], we extract the following theorem.
Theorem 1 Let M be a compact and connected 3-dimensional manifold with fixed point
free involution τ , and corresponding classifying class x ∈ H1(N,Z2).
1. 1 ≤ indZ2(M, τ) ≤ 3.
2. indZ2(M, τ) = 1⇐⇒ β(x) = 0.
3. indZ2(M, τ) = 3⇐⇒ x
3 6= 0
The triple cup used in the third equivalence can be tricky to compute in examples.
We will reformulate this criterion.
Theorem 2 Let M be a compact and connected 3-dimensional manifold with fixed point
free involution τ , and classifying class x ∈ H1(N,Z2). Let x¯ ∈ H1(N,Z2) be the Poincare´
dual of β2(x). Then we have
indZ2(M, τ) = 3⇐⇒ 〈x, x¯〉 6= 0 .
In oriented case, based on a formula from Turaev [19] expressing the triple cup in
terms of linking pairing we get the following.
Theorem 3 Let M be a compact oriented and connected 3-dimensional manifold with
fixed point free oriented involution τ , and classifying class x ∈ H1(N,Z2). Let x˜ ∈ Tors(H1(N,Z))
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be the Poincare´ dual of β(x). Denote by LN : Tors(H1(N,Z))⊗Tors(H1(N,Z) −→ Q/Z
the linking pairing of N . Then we have
indZ2(M, τ) = 3⇐⇒ LN (x˜, x˜) 6= 0 .
This paper is divided into four sections. Section 1 is reviewing of the Borsuk-Ulam
theorem and the Z2-index. In Section 2 we prove the theorems stated in Introduction.
In Section 3 we state the theorem 11 in which we discuss the computation for oriented
3-manifolds given by surgery presentation. The last Section is devoted to study some
examples and applications. We show that we recover the ordinary Borsuk-Ulam the-
orem for the 3-sphere S3 and the Stolz theorem [17] for the projective space RP 3. A
special study is done for the lens spaces. Propositions 13 gives the methods for studying
the Borsuk Ulam theorem in the special class of oriented 3-manifolds. Moreover, we
shall continue our applications in more general cases, in Proposition 14 we study the
Borsuk-Ulam theorem for 3-manifolds having surgery presentations by diagonal linking
matrices. Using lemma 2.4 in [14], we are going to show that we can extend the results
of this proposition for all cases where the orbit space is a closed oriented 3-manifolds
having surgery presentation by arbitrary linking matrices. Further, in Theorem 17 we
achieve the computation for all free oriented and non oriented Z2-action on S
1 × S2.
In Proposition 18, we prove the Borsuk-Ulam theorem for the 3-Klein bottle K3 with
natural involution.
1 Review of the Borsuk-Ulam theorem
In this Section, we start by recalling some facts and results related with the Borsuk-Ulam
property.
Definition 4 [10] Let (X1, τ1), (X2, τ2) be two free Z2-spaces. A continuous map f :
X1 → X2 is said to be Z2-equivariant if it commutes with the Z2-actions i.e for all
x ∈ X, we have f(τ1(x)) = τ2(f(x)).
This can be expressed by the following commutative diagram:
X1
f
−→ X2
τ1 ↓ ↓ τ2
X1
f
−→ X2
In this case, we write f : X1
Z2→ X2.
Definition 5 Let (X, τ) be a free Z2-space. The Z2-index is defined as
indZ2(X, τ) = min{n ∈ {0, 1, 2, ....∞}/∃f : X
Z2→ Sn}
Here, we take the standard antipodal Z2-action on S
n.
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The Z2-index may be a natural number or ∞; it depends on the space X and on the
Z2-action τ . If X is a finite dimensional CW-complex, then the Z2-index of X is finite
and it is inferior or equal to the dimension of X. The Z2-index is related to the study
of the Borsuk-Ulam theorem for the triples (X, τ,Rn).
Throughout this Section, we consider triples (X, τ,Rn), where X is a connected m-
dimensional CW-complex, m ≥ 2, and τ is a free cellular involution on X. The orbit
space X/τ is denoted by N and x ∈ H1(N,Z2) is the classifying class of the Z2-bundle
X ։ N . Now, we are able to state the following proposition [6].
Proposition 6 Let (X, τ) as above. The following statements are equivalents:
1. The Borsuk-Ulam theorem holds for the triple (X, τ,Rn).
2. There is no equivariant map f : X → Sn−1.
3. The Z2-index satisfies the property indZ2(X, τ) ≥ n.
4. The classifying map γ : N → RP∞ does not compress to RPn−1.
This clarifies the values of n for which the triple (X, τ,Rn) satisfies the Borsuk-Ulam
property.
Corollary 7 Let (X, τ) as above and n a positive integer.
1. If the Borsuk-Ulam theorem holds for the triple (X, τ,Rn), it also holds for (X, τ,Rn−1).
2. The Borsuk-Ulam theorem always holds for (X, τ,R)
3. The Borsuk-Ulam theorem never holds for (X, τ,Rm+1).
It follows that the lower and the upper bounds of the Z2-index are respectively 1 and
m. The next theorems are respectively Theorems 3.1 and 3.4 in [6].
Theorem 8 Let (X, τ) be as above and x ∈ H1(N,Z2) be the classifying map of the
principal bundle X → N . Let ρ : H1( . ;Z) → H1( . ;Z2) be the coefficient homomor-
phism, and let i : RP 1 → RP∞ denotes the inclusion. Then the following are equivalent:
1. The Borsuk-Ulam theorem fails for (X, τ,Rn), n ≥ 2.
2. There exists a homomorphism ϕ : π1(N) −→ π1(RP
1) ≈ Z satisfying
i♯ϕ = γ♯ : π1(N) −→ π1(RP
∞) .
3. x ∈ Im(ρ) ⊆ H1(N ;Z2).
Furthermore, any of 1, 2, 3 imply x2 = 0.
In the next theorem, we assume that X is an m-dimensional manifold.
Theorem 9 Let (X, τ) be a connected free Z2-manifold of dimension m ≥ 2, with clas-
sifying class x ∈ H1(X/τ,Z2). The Borsuk-Ulam theorem holds for (X, τ,R
m) if only if
xm 6= 0.
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2 The Borsuk-Ulam theorem for 3-manifolds
Here we specialize the statements of the previous section in the case where M is a
connected 3-dimensional manifold with free involution τ . We will prove Theorem 1, 2,
3 stated in introduction.
Proof of Theorem 1.
• The first inequality in 1 ≤ indZ2(M, τ) ≤ 3 comes from the second statement of
Corollary 7, while the second one is from the third statement of the same Corollary.
• Suppose that indZ2(M, τ) ≥ 2, from Proposition 6, this means that the Borsuk-
Ulam theorem holds for the triple (M, τ,R2). By Theorem 8, this is equivalent to
x /∈ Imρ ⊆ H1(N ;Z2). Using the Bockstein exact sequence, equivalently we have
β(x) 6= 0.
• The equivalence of the third statement is directly from Theorem 9.
The following lemma allows the reformulation of the index 3 case and proves Theorem
2.
Lemma 10 Let β2 : H
1(N,Z2) −→ H
2(N,Z2) be the Bockstein homomorphism as-
sociated to the short exact sequence 0 −→ Z2
×2
−→ Z4 −→ Z2 −→ 0. Then for every
x ∈ H1(N,Z2), we have x ` x = β2(x).
Proof.
From the defining property of the Steenrod squares Sqi : Hq(N,Z2) −→ H
q+i(N,Z2),
we have
Sq1(x) = x ` x.
On the other hand, for x ∈ Hq(N,Z2), the following equality is satisfied
Sq2i+1(x) = β2(Sq
2i(x))
for any i (see pp 418 in [2]), where β2 : H
q+2i(N,Z2) −→ H
q+2i+1(N,Z2). For q = 1 and
i = 0, we get Sq1 = β2Sq
0 = β2. Finally, we obtain x ` x = β2(x).
Proof of Theorem 3.
Turaev’s theorem I in [19], allows to express evaluation of the triple cup product
on the fundamental class. We reproduce below the argument in our specific case. Let
Dx ∈ H2(N,Z2) be the Poincare´ dual of x. Denote the coefficient homomorphisms as
follows:
φ : H1( . ;Z)→ H1( . ;Z2) , ψ : H2( . ;Z2)→ H2( . ;Q/Z) .
The definition of the linking pairing uses the Bockstein homomorphism
B : H2(N,Q/Z)→ H1(N,Z) .
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Using functoriality of the Bockstein exact sequence with respect to coefficients, we get
x = φ(x˜), and B(ψ(Dx)) = x˜. Then we have
LN (x˜, x˜) = ψ(Dx).x˜ =
1
2
Dx.φ(x˜) =
1
2
〈x, x〉 .
The result follows.
3 Computation for surgery presentation of oriented 3-manifolds
Any compact oriented 3-manifold can be obtained by surgery on a framed link in S3.
In this section we discuss the Z2 index for an oriented 3-manifold M equipped with
oriented involution τ when the quotient N = M/τ is given by a surgery presentation,
which allows to decide when the triple (M, τ,Rn) has the Borsuk-Ulam property.
We first recall some facts about surgery presentations. Let L be a framed link in
the sphere S3, NL be the oriented, compact, connected 3-manifold obtained by Dehn
surgery on L. Recall that, if L1, L2, ......, Lm are the components of L, the linking matrix
of L is an m×m matrix of integers aij, such that aij = lk(Li, Lj) if i 6= j, here lk(Li, Lj)
denote the linking number of Li and Lj , and aii is the framing of Li. Denote by BL the
linking matrix of L, and by B¯L its reduction modulo 2. It is known (see for example [16])
that L defines a compact 4-manifold WL such that ∂WL = NL. In fact, WL is obtained
by attaching m index 2 handles D2 × D2 to the ball D4 via an oriented embedding∐
m−S
1 ×D2 →֒ S3. If A is one of the groups : Z,Z/nZ or Q/Z, then
H2(WL, A) ≃ H
2(WL, A) ≃ A
m, H2(WL, NL, A) ≃ H
2(WL, NL, A) ≃ A
m
also there exists basis of these two modules such that in the exact sequences
0 −→ H2(NL, A)
i∗−→ H2(WL, A)
j∗
−→ H2(WL, NL, A)
δ∗−→ H1(NL, A) −→ 0 (1)
in homology and respectively
0 −→ H1(NL, A)
δ∗
−→ H2(WL, NL, A)
j∗
−→ H2(WL, A)
i∗
−→ H2(NL, A) −→ 0 (2)
in cohomology, the homomorphism j∗ (respectively j
∗ ) is given by the linking matrix
BL of L. We always choose these basis for H2(WL, A) (respectively H
2(WL, A)) and
H2(WL, NL, A) (respectively H
2(WL, NL, A)). In addition to this, the exact sequence
(1) induces the isomorphisms
kerBL ≃ H2(NL, A) ≃ H
1(NL, A) and cokerBL ≃ H1(NL, A) ≃ H
2(NL, A).
Theorem 11 Let (M, τ) be a compact oriented 3-manifold with oriented free involu-
tion τ . Suppose that the quotient N = M/τ is homeomorphic to NL, where L is
an m-components framed link. Let x ∈ H1(NL,Z2)be the classifying class, and let
X ∈ H2(WL,Z) ≈ Z
m be an integral lift of δ∗(x), then we have
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1. indZ2(M, τ) = 1⇐⇒ i
∗(12BL.X) = 0.
2. indZ2(M, τ) = 3⇐⇒
1
2
tX.BL.X 6= 0 mod 2.
Proof.
1. We will get the first equivalence from Theorem 1 by computing β(x). Recall
that the Bockstein homomorphism β : H1(N,Z2) → H
2(N,Z) is the connecting
homomorphism associated with the short exact sequence of cochain complexes
0 −→ C∗(N,Z)
×2
−→ C∗(N,Z) −→ C∗(N,Z2)→ 0 .
Here we may use the complexes associated with any cell decomposition. Functo-
riality of the Bockstein exact sequence asserts that the Bockstein homomorphism
can be computed with another short exact sequence of cochain complexes pro-
vided there exists a chain map to or from the previous one, inducing cohomology
isomorphisms. The following commutative diagram will provide such.
0→ H1(N,Z)
δ∗
−→ H2(W,N,Z)
BL−→ H2(W,Z)
i∗
−→ H2(N,Z) → 0
×2 ↓ ×2 ↓ ×2 ↓ ×2 ↓
0→ H1(N,Z)
δ∗
−→ H2(W,N,Z)
BL−→ H2(W,Z)
i∗
−→ H2(N,Z) → 0
ρ ↓ ρ ↓ ρ ↓ ρ ↓
0→ H1(N,Z2)
δ∗
−→ H2(W,N,Z2)
B¯L−→ H2(W,Z2)
i∗
−→ H2(N,Z2) → 0
(3)
For A = Z or A = Z2, the cohomology H
∗(N,A) can be computed from the cochain
complex
A
0
←− H2(W,A)
BL⊗A←− H2(W,N,A)
0
←− A
Assume that the cell structure has one 0-cell, and that we have a relative cell
structure for (N,N − VL) with one 2-cell e
2
i for each component of L which is the
image of the oriented disc D2 × 1. A chain map to the cell cochain complex is
defined as follows:
the generator in degree zero evaluates 1 on the 0-cell,
the i-th generator in degree 1 evaluates on a cell γ as the linking lk(Li, γ),
the i-th generator in degree 2 evaluates 1 on e2i and 0 on the other 2-cells,
the generator in degree 3 evaluates 1 on each oriented 3-cell.
The connecting homomorphism β is obtained as follows. We have BLX ∈ Kerρ
and there exists Y ∈ H2(W,N,Zm) ≈ Zm such that 2Y = BL.X. Then Y repre-
sents β(x) = i∗(Y ) ∈ H2(N,Z) ≈ coker(BL). Finally β(x) = i
∗(12BL.X), so by 1)
of Theorem 1, we get the first equivalence of the theorem 11.
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2. To show that indZ2(M, τ) = 3⇐⇒
1
2
tX.BL.X 6= 0 mod 2, we will use Theorem 2.
Let x¯ ∈ TorsH1(N,Z2) be the Poincare´ dual of β2(x). We have
x¯ = (D ◦ β2)(x) = (D ◦ ρ ◦ i
∗)(Y )
where D denotes the Poincare´ duality isomorphism and Y = 12BL(X). Then
〈x, x¯〉 = 〈x, (D ◦ i∗)(Y )〉 = 〈δ∗x,D(Y )〉 .
Using that δ∗(x) = ρ(X), we deduce
〈x, x¯〉 = tXY mod. 2
=
1
2
tXBLX mod. 2 .
The result follows.
4 Some examples and applications
4.1 The ordinary Borsuk-Ulam theorem for the sphere S3.
Here, we need to investigate the largest n such that the Borsuk-Ulam theorem holds for
the triple (S3, τ,Rn), where τ is the antipodal map. Using the methods developed in
the previous sections, we prove the ordinary Borsuk-Ulam theorem for the sphere S3,
stating that indZ2(S
3, τ) = 3. In this case, the orbit space is the real projective space
RP 3. Let x be the classifying class in H1(RP 3,Z2) ≃ Z2. Since the cohomology algebra
of RP 3 is generated by x with the single relation x4 = 0 (see [8], th 3.19), we have x3 6= 0
which proves the result.
4.2 The Stolz’s theorem for the 3-reel projective space RP 3
The Z2 index for the real projective space RP
2m−1 with the Z2 action induced by the
multiplication by the complex number i has been studied by Stephan Stolz in 1989 see
[17]1 .We apply our methods for the 3-real projective space RP 3 and we show that we
obtain the same result as the Stolz’s theorem. We prove the following proposition
Proposition 12 One has indZ2(RP
3, τ) = 2.
Proof.
Here the orbit space RP 3/τ is the lens space L(4, 1), which is obtained by surgery
on a (−4)-framed unknot [7, Example 5.3.2]. Then we may apply Theorem 11 with
1The index there is called level and is different from our definition, namely the level s(X, τ ) is
indZ2(X, τ ) + 1.
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BL = (−4). The classifying class x, generator of H
1(L(4, 1),Z2) = Z2, is represented by
X = 1 ∈ H2(L(4, 1),RP 3,Z) ≃ Z. Using the formulas in theorem 11 we have
β(x) = i∗(
1
2
BLX) = i
∗(2) 6= 0 ∈ H2(L(4, 1),Z) = Z4
and
〈x, x¯〉 =
1
2
tXBLX mod. 2 = −2 mod. 2 = 0 ∈ Q/Z.
Therefore, indZ2(RP
3, τ) = 2.
4.3 Application to lens spaces
Lens spaces are classical examples of closed orientable 3-manifolds. They play an im-
portant role in the history of algebraic topology. Their classical definition was stated
first by Tieze in 1908 and their name ”Lens spaces” was introduced by Threlfall and
Seifert in 1933. There are many descriptions of Lens spaces (see [15]), the first one is
to consider them as the quotient of the 3-ball, where the top hemi-sphere is identified
with the bottom hemi-sphere by a rotation of angle 2πq/p about the Z-axis followed by
a reflexion in (x − y) plane, for some p ∈ Z, p ≥ 2 and some q ∈ Z relatively prime
to p. The 3-ball used in this definition is often drawn in the shape of a lens. In the
next description, we are going to show that it represents a fundamental domain of a Z/p
action on the 3-sphere S3 as follows.
Let p, q be relatively prime integers such that p ≥ 2 and 1 < q < p. Consider the
transformation
T : Z/p× S3 −→ S3
([k], (z1, z2)) 7−→ (z1e
2piik
p , z2e
2piikq
p )
T generates an action of the group Z/p in S3. These action is free and finite, so the
projection π : S3 −→ S3/T is a covering map with p sheets. The orbit space S3/T is
called a Lens space and denoted by L(p, q).
In order to study the Borsuk-Ulam theorem of Lens spaces, we introduce some in-
formation about their CW-structure and their topology. Since the 3-sphere S3 is the
universal covering of Lens space, it has a natural cell decomposition which is obtained
from the following Z/p-invariant cell decomposition of S3 with p cells in every dimension
0, 1, 2, 3, see for example [8] and [4]. The 3-sphere is defined as the unit sphere in C2:
S3 = {(z, z′) ∈ C2/|z2|+ |z′2| = 1}. The circle S1 = {(z, 0)/|z| = 1} of the first factor of
C2 is divided into p points such that :
• ek,0 = (e
2piki
p , 0), subscripts k are taken mod p.
• ek,1 = {(z, 0) / 0 < argz < 2π/p}. It represents the open arc joining ek,0 and
ek+1,0.
• ek,2 = {(z, z
′) / 0 < argz < 2π/p, argz′ = 0} = ek,0 ∗ S
1, here S1 is the unit cercle
of the second factor of C2..
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• ek,3 = {(z, z
′) / 0 < argz′ < 2π/p} = ek,1 ∗ S
1. It’s the domain between ek,2 and
ek+1,2.
The transformation T maps the cells ek,0, ek,1, ek,2, ek,3 homeomorphically onto
ek+1,0, ek+1,1, ek+q,2, ek+q,3. Thus, our cell decomposition of S
3 gives rise to a cell de-
composition of L(p, q), with one cell in each dimension, e0, e1, e2, e3. All cells in S
3 have
natural orientations preserved by T . Thus, the cells in L(p, q) are also naturally oriented.
Furthermore, in the cellular complex of S3, we have ∂ek,2 = e0,1+e1,1+ ......+ep−1,1 and
∂ek,3 = ek+1,2 − ek,2. Thus, in the cellular complex of L(p, q), we have ∂e2 = pe1 and
∂e3 = 0, because the identifications of the two faces ek,2 and ek+1,2 are by the rotation
of degree +1 followed by a reflexion of degree −1 i.e ∂e3 = e2 − e2 = 0. The cellular
chain (resp. cochain) complex of L(p, q) is
0 −→ Ze0
0
−→ Ze1
p
−→ Ze2
0
−→ Ze3 −→ 0
(resp. 0←− Ze0
0
←− Ze1
p
←− Ze2
0
←− Ze3 ←− 0)
where ek denotes the dual of ek. Hence,
H0(Lp, q),Z) ≃ Z ≃ H3(L(p, q),Z),H1(L(p, q),Z) ≃ Z/p ≃ π1(L(p, q)),H2(Lp, q),Z) ≃ 0,
and also H i(L(p, q),Z/p) ≃ Z/p, for i = 0, 1, 2, 3.
Using the universal coefficient theorem, we obtain that
H1(L(p, q),Z2) ≃
{
Z2 if p is even
0 if p is odd
After this introduction, we see that a Lens space L(p, q) has connected double cover,
unique up to equivalence, if and only if p is even. Indeed, we have Hom(π1(N),Z2) ≈
Hom(H1(N),Z2) ≈ H
1(N,Z2). From now we assume that p is even, then the non trivial
element α ∈ H1(L(p, q),Z2) gives rise of a pair (M, τ), where M is a closed connected
3-manifold and τ is a fixed point free involution on M associated to the double covering
with action τ given by the non trivial deck transformation. We can check that the
covering space M is itself a lens space, namely L(p2 , q) (see [9, section]).
Proposition 13 Let L(p, q) be a lens space such that p is even, (M, τ) = (L(p2 , q), τ) be
as above, and x ∈ H1(L(p, q),Z2) be the non trivial class (which classifies the cover).
1. We have β(x) 6= 0. Therefore indZ2(M, τ) ≥ 2 and (M, τ,R
2) is always a Borsuk-
Ulam triple.
2. indZ2(M, τ) = 3 if and only if p ≡ 2 mod 4.
Proof.
1- From the following commutative diagram
.... −→ C1(L(p, q),Z)
×2
−→ C1((L(p, q),Z)
j1
−→ C1((L(p, q),Z2)
δ2 ↓ δ2 ↓ δ2 ↓
−→ C2((L(p, q),Z)
×2
−→ C2((L(p, q),Z)
j2
−→ C2((L(p, q),Z2)
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we define the Bockstein homomorphism
β : H1(L(p, q),Z2) −→ H
2(L(p, q),Z)
x = [c] 7−→ [α] = [12δ2(c
′)]
where c′ ∈ C1((L(p, q),Z) is a lift of c, and α ∈ C2((L(p, q),Z) is a cocycle such that 2α =
δ2(c
′). Now, in our case since the classifying class x = [c] 6= 0 and x ∈ H1(L(p, q),Z2) ≃
Z2, so it corresponds to 1 ∈ Z2. We choose c
′ such that 〈c′, e1〉 = 1 ∈ Z and we have
〈δ2c
′, e2〉 = 〈c′, ∂e2〉 = 〈c′, pe1〉 = p.
Therefore,
β(x) =
p
2
.[e2] ∈ H2(L(p, q),Z) ≃ Z/p,
and β(x) 6= 0. Using Theorem 1, we have indZ2(M, τ) ≥ 2 and (M, τ,R
2) is always a
Borsuk-Ulam triple.
2. The second statement follows from the description of the cohomology ring modulo
2 in [9]. We will give an independent proof based on the linking form. First, we know
that x˜ ∈ TorsH1(L(p, q),Z) is such that
x˜ = D ◦ β(x) = D(
p
2
.[e2]) =
p
2
.[e1].
Therefore,
LL(p,q)(x˜, x˜) = LL(p,q)(
p
2
.[e1],
p
2
.[e1]) =
p2
4
LL(p,q)([e1], [e1]).
But, LL(p,q)([e1], [e1]) = LL(p,q)(e1, e1) mod 1 and
LL(p,q)(e1, e1) = LL(p,q)(
1
p
∂e2, e1) =
1
p
e2.e1
where (.) means the intersection form. But, e2.e1 = q, see for example [4] pp 427, so
LL(p,q)([e1], [e1]) =
q
p
mod 1. Hence,
LL(p,q)(x˜, x˜)) =
p2
4
LL(p,q)([e1], [e1]) =
p2
4
.
q
p
=
p.q
4
∈ Q/Z.
The last expression doesn’t depends on q. Then
• If p ≡ 0 mod 4, so p.q4 = 0 ∈ Q/Z .
• If p ≡ 2 mod 4, so p.q4 =
1
2 6= 0 ∈ Q/Z.
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4.4 Application for 3-manifolds having surgery presentations by diagonal linking ma-
trices
In this part, let us consider the triples (M, τ,Rn), and N = M/τ = S3(L) i.e N is
obtained from S3 by integral surgery on L. Suppose that in this case the linking matrix
BL of N is a n× n diagonal matrix of the form
A =M(f) =


a1 0 . . . . . . 0 0 . . . 0
0
. . .
...
... 0
...
... aν
...
...
...
... b1
...
...
...
...
. . . 0
0 . . . . . . bu 0 . . . 0
0 . . . . . . 0 0 . . . 0
...
... Am
...
0 . . . . . . 0 0 . . . 0


where m = n − (ν + v), ai, bi in the first block are respectively even and odd integers,
and all the others blocks are zero. In this case, we have H1(NL,Z2) = (Z2)
ν ⊕ (Z2)
m.
Then the classifying class is the form x = x′ + x′′ where x ∈ (Z2)
ν and x′′ ∈ (Z2)
m.
Thus, δ∗(x) = δ∗(x′) + δ∗(x′′). Denote by X the lift of δ∗(x) and put X = X ′ + X ′′,
where X ′,X ′′ are the corresponding elements of δ∗(x′), δ∗(x′′) in Zn. More precisely,
X ′ = t(x¯′1, ...., x¯
′
ν , 0....0) ∈ Z
n and X ′′ = t(0, ..., 0, x¯′′1 , ...., x¯
′′
m) ∈ Z
n.
Proposition 14 Under the above hypothesis, we have
1. indZ2(M, τ) ≥ 2 if and only if x
′ 6= 0.
2. indZ2(M, τ) = 3 if and only if
∑ν
i=1 aix¯
′
i is not divisible by 4.
Proof.
Using all arguments cited above, we have
β(x) = β(x′) + β(x′′) = i∗(
1
2
BL(X
′) + i∗(
1
2
BL(X
′′)) = i∗(
1
2
BL(X
′)) = β(x′).
So, β(x) 6= 0 if only if β(x′) 6= 0 and the first statement become from the fact that
β(x′) 6= 0 if only if X ′ 6= 0.
For the second statement, let
〈x, x¯〉 =
1
2
tXBLX mod. 2 =
1
2
ν∑
i=1
aix¯
′
i mod 2.
If
∑ν
i=1 aix¯
′
i ≡ 0 mod. 4, so 〈x, x¯〉 = 0 ∈ Q/Z. Using Theorem 1, we have the second
statement.
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Remark 15 Proposition 14 can be used in more general cases. Indeed, let (M, τ)
be a Z2−space, where M is a compact connected oriented 3-manifold, N = M/τ is
such that N = NL where L is a framed link. Using Corollary 2.5 in [14], there
exists lens spaces L(pi, 1), i = 1, ν with |pi| ≤ |H1(N,Z)|, such that the manifold
N ′ = N#L(p1, 1)#L(p2, 1)#......#L(pν , 1) can be obtained by integral surgery along
some algebraically split framed link L′. The linking matrix BL′ of L
′ is a diagonal matrix
with diagonal entries a1, a2, ...., aη ,±1, ....,±1. Moreover, using lemma 4.1 in [14], the
linking matrix BL of L satisfy the following equality
L(BL)⊕ L(
ν⊕
i=1
(pi)) = L(
η⊕
j=1
(ai))
Therefore, all these arguments allow us to study the Borsuk-Ulam theorem for any closed
oriented three manifolds since we can use Proposition 14 for diagonal matrices BL′,
(
⊕ν
i=1(pi)) and (
⊕η
j=1(ai)).
4.5 The Borsuk-Ulam theorem for S1 × S2
In this section we will discuss all free involutions on S1 × S2. All the applications given
above deal with the cases where the orbit space N is a compact connected oriented 3-
manifold. Here we will also get unoriented orbit spaces. The following theorem, proved
by Y.Tao in 1962, describes all free involutions.
Theorem 16 [18] If T is a fixed point free involution of S1 × S2, then the orbit space
N =M/T is homeomorphic either to (1) S1 × S2 or (2) 3-dimensional Klein bottle (we
denote it by K3), or (3) S1 × RP 2, or (4) RP 3#RP 3.
Using the theorem above, we can state the following theorem.
Theorem 17 Let the triple (S1 × S2, τ,Rn), where τ is free Z2-action on S
1 × S2, and
let N be the orbit space of this action. So we have the following cases:
1. If N is S1 × S2, then indZ2(S
1 × S2, τ) = 1.
2. If N is the 3-dimensional Klein bottle K3, then indZ2(S
1 × S2, τ) = 1.
3. If N is S1 ×RP 2, then indZ2(S
1 × S2, τ) = 2.
4. If N is RP 3#RP 3, then indZ2(S
1 × S2, τ) = 2.
Proof.
The first case : N = S1 × S2
Here after calculations of the cohomology groups of the 3-manifold S1 × S2, we obtain
H1(S1 × S2,Z2) ≃ Z2 and H
2(S1 × S2,Z) ≃ Z, so the Bockstein homomorphism β ∈
Hom(Z2,Z) vanishes. Hence, indZ2(S
1 × S2, τ) = 1.
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The second case : N = K3.
Here, K3 = [0, 1] × S2/(1, x) ∼ (0,−x). We take
A = [0,
1
2
]× S2, B = [
1
2
, 1]× S2 and A ∩B = {
1
2
} × S2 ⊔ {0} × S2.
Using the long exact sequence of Mayer-Vietoris and the universal coefficients theorem,
we obtain H1(K3,Z2) ≃ Z2 and H
2(K3,Z) ≃ 0. Therefore, the Bockstein homomor-
phism β : H1(K3,Z2) −→ H
2(K3,Z) is the zero homomorphism, and in this case we
have indZ2(S
1 × S2, τ) = 1.
The third case : N = S1 × RP 2.
Using the K
..
unneth formula, we obtain H1(S1 × RP 2,Z2) ≃ Z2 ⊕ Z2.
The first factor of this direct sum is generated by u1 × v0, the image of u1 ⊗ v0 by the
cross product ×, where u1, v0 are respectively the generators of H
1(S1,Z2) ≃ Z2 and
H0(RP 2,Z2) ≃ Z2. Since, the ring Z2 has an identity element and v0 is only one no zero
class in H0(RP 2,Z2), it corresponds at the identity element of the cup product defined
by the 0 cycle taking the value 1 on each singular 0 simplex. Denote it by 1. Hence,
u1 × 1 is the generator of the first factor of the direct sum in H
1(S1 × RP 2,Z2).
Using a similar argument, we have 1×v1 is the generator of the second factor of the last
direct sum, where 1 ∈ H0(S1,Z2) ≃ Z2 and v1 ∈ H
1(RP 2,Z2) ≃ Z2 are the generators
of these modules.
The classifying class x ∈ H1(S1 × RP 2,Z2) in this case will take the values (0, 1) in
Z2⊕Z2 since its associated covering space is S
1×S2. So using the properties of the cup
product and the cross product, we have
β2(x) = x ` x = (0 + 1× v1) ` (0 + 1× v1) = (1× v1) ` (1× v1) = 1× v
2
1.
Since v1 is the generator of H
1(RP 2,Z2), we know that v
2
1 is also the generator of
H2(RP 2,Z2) , then v
2
1 6= 0 and β2(x) 6= 0. Thus, indZ2(S
1 × S2, τ) ≥ 2.
No we calculate the triple cup,
x3 = β2(x) ` x = (1× v
2
1) ` (1× v1) = 1× v
3
1 = 0,
because of dimension reasons. Then, in this case we have indZ2(S
1 × S2, τ) = 2.
The forth case : N = RP 3#RP 3.
Here we are in the case of oriented manifolds since the connected sum of oriented man-
ifolds is an oriented manifold. Furthermore, we have an isomorphism
Hi(RP
3#RP 3,Z) ≃ Hi(RP
3,Z)⊕Hi(RP
3,Z),
for i = 1 and this isomorphism remains true for i = 2 since RP 3 is an oriented manifold
(see [8] pp 258). Using these facts and the Poincare´ duality isomorphism, we get
H2(RP 3#RP 3,Z) ≃ Z2 ⊕ Z2, H
1(RP 3#RP 3,Z2) ≃ Z2 ⊕ Z2,
H2(RP 3#RP 3,Z2) ≃ Z2 ⊕ Z2,
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and β2 will be an homomorphism of these two last modules.
There are 3 non equivalent connected double covers of RP 3#RP 3. Those with clas-
sifying class (1, 0) and (0, 1) are homeomorphic to RP 3#RP 3, the remaining one is
S1 × S2 with classifying class class (1, 1). This class corresponds to (e1, e1), where
e1 ∈ Tor1(H
2(RP 3),Z2) ≃ Z2 is the generator of this group. Since we are in the ori-
ented case, we can use surgery presentation to calculate the triple cup x3. The linking
matrix is the matrix
BL =
(
2 0
0 2
)
.
Using the diagram 3, let X ∈ H2(WL,RP
3#RP 3,Z) ≃ Z2 such that ρ(X) = δ∗(x), then
〈x, x¯〉 =
1
2
tXBLX mod. 2 = 2mod. 2 = 0 ∈ Q/Z.
Therefore, indZ2(S
1 × S2, τ) ≤ 2.
To study the Bockstein homomorphism, we use the same diagram. Then we have,
β(x) = i∗(
1
2
BLX) = i
∗((1, 1)) 6= 0,
since (1, 1) /∈ ImBL. Therefore, β(x) 6= 0 and indZ2(S
1 × S2, τ) = 2.
4.6 Application to the 3-Klein bottle K3
The study of the previous application allows us to remark that there is a double covering
p : K3 −→ S1 × RP 2 which associates to each class [(t, x)] ∈ K3, the class [(t, [x]] ∈
S1 × RP 2. The corresponding free Z2−action on K
3 associated to this covering is
[t, x]→ [t,−x]. We have seen that H1(S1×RP 2,Z2) ≃ Z2⊕Z2 which implies that there
are 3 non equivalent connected double covers of S1 × RP 2 : S1 × S2 with classifying
class (0, 1), S1 × RP 2 with classifying class (1, 0) and K3 with classifying class (1, 1).
Proposition 18 Let (K, τ) be the 3-dimensional Klein bottle K = [0, 1] × S2/(1, x) ∼ (0,−x)
with involution τ : [t, x]→ [t,−x], then we have indZ2(K
3, τ) = 3.
Proof.
First as in the previous subsection, x = u1 × 1+ 1× v1. We calculate
β2(x) = (u1 × 1+ 1× v1) ` (u1 × 1+ 1× v1)
= (u21 × 1) + (u1 ` 1)× (1 ` v1)− (1 ` u1)× (v1 ` 1) + (1× v
2
1)
= u21 × 1+ u1 × v1 − u1 × v1 + 1× v
2
1
= 1× v21 ,
because u21 = 0 ∈ H
2(S1,Z2) ≃ 0. Since, v
2
1 ∈ H
2(RP 2,Z2) is no zero, so β2(x) 6= 0 and
indZ2(K
3, τ) ≥ 2.
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For the triple cup, we have
x3 = β2(x) ` x
= (1× v21) ` (u1 × 1+ 1× v1)
= (1 ` u1)× (v
2
1 ` 1) + (1× v
3
1)
= u1 × v
2
1 6= 0
also since v31 = 0.
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